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In the present work we show that the second law of thermodynamics does not generally hold if the
matter and gravitational fields are nonminimally coupled. We demonstrate this result by explicitly
computing the evolution of the entropy of the matter fields in the case of a closed homogeneous and
isotropic universe filled with cold dark matter and radiation, showing that, in this case, the sign of
the entropy variation is determined by the evolution of the universe. The preservation of the second
law of thermodynamics in these modified theories would require its generalization to account for a
gravitational entropy contribution.
I. INTRODUCTION
It is well known that in general relativity (GR) a
positive curvature in an expanding Friedmann-Lemaˆıtre-
Robertson-Walker universe composed solely of cold dark
matter and radiation will inevitably lead to its collapse.
The comoving entropy of the matter fields in such a uni-
verse remains constant during both expansion and con-
traction. Nevertheless, comoving entropy conservation
may no longer hold in theories featuring a nonminimal
coupling (NMC) between geometry and the matter fields
[1–4], since in this case the energy momentum tensor is
normally not covariantly conserved [5–7].
In Refs. [7, 8] it has been shown that the NMC be-
tween gravity and the matter fields generally leads to a
modification of the first law of thermodynamics. In this
context, gravitationally induced particle creation [8] has
been suggested as a natural consequence of the NMC
between matter and geometry. However, more recently
it has been shown, using the correct form for the La-
grangian of the matter fields, that particle creation or
decay is not a natural consequence of NMC theories, at
least in the absence of significant metric perturbations on
microscopic scales [7]. In this paper we will show that the
second law of thermodynamics does not generally hold in
the context of NMC gravity, and consider a possible link
between the evolution of the universe and the arrow of
time defined by the second law of thermodynamics.
The structure of this paper is as follows. In Sec. II we
give a brief introduction to NMC gravity and discuss the
corresponding changes to the first law of thermodynam-
ics. In Sec. III we determine the equation for the evolu-
tion of the entropy of the matter fields throughout the
evolution of the universe in homogeneous and isotropic
universes with a NMC between gravity and the matter
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fields. The evolution of the universe and of the comov-
ing entropy of the matter fields is explicitly computed in
Sec. IV for the case of a universe with positive curva-
ture filled entirely with cold dark matter and radiation.
The impact of our results is also discussed in this section,
particularly in the light of the second law of thermody-
namics. Finally, we conclude in Section V. We use units
such that c = (16piG)−1 = 1, where c is the value of
the speed of light in vacuum, and G is Newton’s grav-
itational constant. We also adopt the metric signature
(−,+,+,+), and the Einstein summation convention.
II. NONMINIMALLY COUPLED GRAVITY
While there are many types of NMC theories featur-
ing complex geometric terms such as f(R, Tµµ, RµνT
µν)
gravity [9, 10], we consider a simpler model inspired by
f(R) theories of gravity due to its explanatory power,
and for allowing for the avoidance of the Ostrogradsky
and Dolgov-Kawasaki instabilities [11, 12]. It is described
by the action
S =
∫
d4x
√−g [f1(R) + f2(R)Lm] , (1)
where g is the determinant of the metric gµν , Lm is the
Lagrangian of the matter fields, and f1(R) and f2(R) are
generic functions of the Ricci scalar R. GR is recovered
if f1(R) = R and f2(R) = 1. Assuming a Levi-Civita
connection it is straightforward to obtain the equations
of motion for the gravitational field
FGµν =
1
2
f2Tµν + ∆µνF +
1
2
f1gµν − 1
2
RFgµν , (2)
where Gµν = Rµν − 12gµνR is the Einstein tensor, Rµν is
the Ricci tensor, ∆µν ≡ ∇µ∇ν − gµν,  ≡ ∇µ∇µ,
F = f ′1(R) + f
′
2(R)Lm , (3)
a prime denotes a derivative with respect to the Ricci
scalar, and the energy-momentum tensor has the usual
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Tµν = − 2√−g
δ(
√−gLm)
δgµν
. (4)
Taking the covariant derivative of Eq. (2) and using
the Bianchi identities one obtains the following relation
in lieu of the usual energy-momentum conservation equa-
tion
∇µTµν = f
′
2
f2
(gµνLm − Tµν)∇µR . (5)
Equation (5) implies that the form of the matter La-
grangian directly affects not only energy-momentum con-
servation, but also particle motion [5, 13].
In previous work [5, 14] it was determined that the
on-shell Lagrangian of a perfect fluid composed of non-
interacting particles with fixed mass and structure, i.e.
solitons, is given by
Lm = Tµµ = 3p− ρ , (6)
where the energy-momentum tensor, given by
Tµν = (ρ+ p)uµuν + pgµν , (7)
ρ and p are the respectively the proper energy density and
pressure of a perfect fluid, and uµ is its four-velocity. It is
noteworthy that the particular structure of the particles
is not relevant for this derivation, as long as they do
not experience fundamental changes to their structure or
mass as a result of the NMC to gravity [15, 16].
A homogeneous and isotropic universe is described by
the flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
metric with line element
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdφ2
]
,
(8)
where a(t) is the scale factor, k is the curvature, t is the
physical time, and r, θ, and φ are spherical comoving
spatial coordinates. We take a(t) to be dimensionless, in
which case [k] = [r]−2 (the brackets represent the dimen-
sions of the corresponding physical quantities). In the
remainder of this work we shall use spatial units such
that k = 1.
The dynamics of solitonic particles has been stud-
ied in [17–19], where it has been shown that in a
3+1-dimensional FLRW spacetime (ignoring interactions
other than gravitational) it is given by
v˙ + 3
(
H +
f˙2
f2
)
(1− v2)v = 0 . (9)
where H ≡ a˙/a is the Hubble parameter, v is the speed
of the particles, and a dot represents a derivative with re-
spect to the physical time. Hence, the linear momentum
of such particles evolves as
mγv ∝ (af2)−1 , (10)
where γ ≡ (1− v2)−1/2.
The 0th component of Eq. (5) is given by
ρ˙+ 3H(ρ+ p) = −(Lm + ρ) f˙2
f2
. (11)
For eqs. (10) and (11) to be consistent with the depen-
dence of the proper pressure p on the proper density ρ
and on the root mean square velocity of the particles 〈v2〉
(p = ρ〈v2〉/3), one can easily verify that the matter La-
grangian must indeed given by Eq. (6) (see [5, 14] for
alternative derivations of the same result). Hence, Eq.
(11) may also be written as
ρ˙+ 3H(ρ+ p) = −3p f˙2
f2
. (12)
Note that, contrary to Eq. (10), Eqs. (11) and (12)
are not affected by energy-momentum exchanges between
fluid particles.
Equation (11) is akin to the first law of thermodynam-
ics for the matter content,
d(ρa3) = dQNMC − pd(a3) , (13)
with the right-hand side acting as a “heat” transfer rate
per comoving volume, and so we can rewrite it as [7]
ρ˙+ 3H(ρ+ p) =
Q˙NMC
a3
. (14)
While for cold dark matter Q˙ ∼ 0, the evolution of
the energy density of relativistic matter and radiation is
strongly impacted by the NMC coupling to gravity. In
particular, this coupling has been shown to lead to a new
source of spectral distortion (n-type spectral distortions)
of the CMB power spectrum Ref. [5].
The energy-momentum nonconservation associated to
the NMC to gravity suggests that a more general defi-
nition of the energy-momentum tensor, including a yet
to be defined gravitational contribution, should be con-
sidered. This has not yet been sufficiently explored in
the context of NMC theories, but has proven to be quite
problematic in the context of GR [20–22].
III. THE SECOND LAW OF
THERMODYNAMICS
Consider the fundamental thermodynamic relation
TdS = d(ρa3) + pda3 , (15)
where S is the entropy of the matter content and T is the
temperature. Equations (12), (14) and (15) imply that
TdS = dQNMC = −3pa3 df2
f2
, (16)
as opposed to GR, where dS = 0.
3Equation (16) implies that the cold dark matter co-
moving entropy is conserved (dScdm = 0) as long as the
condition pcdm = 0 is exactly verified. Here, we shall as-
sume that the cold dark matter particles are at rest, so
that Scdm = 0. In this case the total comoving entropy
S is equal to the comoving entropy of the radiation com-
ponent Sr (S = Scdm + Sr = Sr). Its proper pressure
and density — be it bosonic, fermionic or both —- sat-
isfy pr = ρr/3 and ρr ∝ T 4, respectively — here, the
scattering timescale is implicitly assumed to be much
smaller than the characteristic timescale of the change
of the NMC coupling function f2, so that the radiation
component can always be taken to be in thermodynamic
equilibrium at a temperature T . Hence, in the case of
radiation, Eq. (12) may be written as
dρr
dT
T˙ + 3H(ρr + pr) = −3pr f˙2
f2
, (17)
or equivalently,
T˙ = −
3H (ρr + pr) + 3pr
f˙2
f2
dρr
dT
, (18)
with pr = ρr/3 and ρr ∝ T 4.
Equation (18) is easily integrated and returns
T ∝ a−1f−1/42 , (19)
so that
ρr ∝ a−4f−12 . (20)
Taking into account Eq. (19) and the fact that pr =
ρr/3 ∝ T 4, Eq. (16) can be easily integrated to give
S ∝ f−3/42 . (21)
Imposing the second law of thermodynamics
T S˙ = Q˙NMC = −3pa3 f
′
2
f2
R˙ ≥ 0 , (22)
would prove quite restrictive, in particular in the case of a
universe in which the time derivative of the Ricci scalar
changes sign. In fact, the only function f2 that would
verify Eq. (22) with all generality would be f2 = const.,
which corresponds to the GR limit.
IV. NUMERICAL RESULTS AND DISCUSSION
Here, we shall consider a homogeneous and isotropic
universe with positive curvature filled with cold dark
matter and radiation, so that the total proper energy
density and pressure are given, respectively, by
ρT = ρr + ρcdm , pT =
1
3
ρr , (23)
with
ρr = ρr0 a
−4f−12 , ρcdm = ρcdm0 a
−3 . (24)
On the other hand, Eqs. (6) , (23), and (24), imply that
the Lagrangian of the matter fields is equal to
Lm = 3pT − ρT = −ρcdm0 a−3 . (25)
Here, the subscripts ‘r’ and ‘cdm’ denote the radiation
and cold dark matter components, respectively, and the
subscript ‘0’ refers to an arbitrary initial time t = 0.
By evaluating the tt and ii components of Eq. (2),
where ‘i’ represents any of the spatial coordinates, and
using Eqs. (3), (23), (24), (25), along with
∆ttF = −3HF ′R˙− 9H2f ′2ρcdm
= −18HF ′
(
H¨ + 4HH˙ − 2Ha−2
)
− 9H2f ′2ρcdm , (26)
∆iiF = gii
(
2HF˙ + F¨
)
, (27)
where the time derivatives of F are
F˙ = F ′R˙+ 3Hf ′2ρcdm , (28)
F¨ = F ′R¨+ F ′′R˙2 + 3
(
2HR˙f ′′2 + H˙f
′
2 − 3H2f ′2
)
ρcdm ,
(29)
and
R = 6
(
H˙ + 2H2 + a−2
)
, (30)
R˙ = 6
(
H¨ + 4HH˙ − 2Ha−2
)
, (31)
R¨ = 6
[...
H + 4HH¨ + 4H˙
2 + 2
(
2H2 − H˙
)
a−2
]
, (32)
it is straightforward to obtain the modified Friedmann
and Raychaudhuri equations(
H2 + a−2
)
F =
1
6
(f ′1R− f1) +
1
6
ρr0a
−4 −HF ′R˙
+
1
6
[
f2 − f ′2
(
R+ 18H2
)]
ρcdm0a
−3 ,
(33)(
H˙ +H2
)
F =− 2 (H2 + a−2)F + 1
2
f1
+
1
6
ρr0a
−4f−12 + 2HF˙ + F¨ , (34)
which are respectively third and fourth order nonlinear
differential equation for the scale factor a with respect to
time (due to the R˙ and F¨ terms).
Here, we consider the functions f1 = R and f2 = αR
β ,
with constant α and β, so that Eq. (33) becomes(
H2 + a−2
)
F =
1
6
ρr0a
−4
+
α
6
Rβ
(
1− β − 18H
2
R
)
ρcdm0a
−3
+ 6αβ(β − 1)Rβ−2ρcdm0a−3H2
(
H¨
H
+ 4H˙ − 2a−2
)
.
(35)
4FIG. 1: Evolution of the scale factor a as a function of the
physical time t in the context of GR (blue dashed line) and
of a NMC gravity model with α = 0.95 and β = 0.01 (orange
solid line), having ρcdm0 = 5.94 and ρr0 = 0.06 and H0 = 0
as initial conditions. An extra initial condition is required in
the context of NMC gravity, which we take to be H¨0 = 0.5.
Notice the asymmetric evolution of the universe in the context
of NMC gravity (in contrast with GR), and the presence of
oscillations of variable amplitude and frequency, as well as
two local maxima of a.
Starting from an arbitrary initial time (t = 0), we in-
tegrate Eq. (34) using a 5th-order backwards differenti-
ation formula, first backwards up to the Big-Bang and
then forward up to the Big Crunch. Since it is a fourth
order differential equation it requires setting three fur-
ther initial conditions (H0, H˙0 and H¨0) in addition to
a0 = 1 (as well as ρcdm0 and ρr0). Notice that the co-
moving entropy may change only if ρcdm 6= 0 and ρr 6= 0.
If the universe was assumed to be filled entirely with
cold dark matter, then the proper pressure would vanish
and, therefore, so would the right-hand side of Eq. (16).
Hence, there would be no change to the comoving entropy
content of the universe. Conversely, if the universe was
composed only of radiation, then Eq. (35) would reduce
to the standard Friedmann equation found in GR. Hence,
the Ricci scalar R would vanish and, Eq. (16) would again
imply the conservation of the comoving entropy.
In the remainder of this paper we shall consider cos-
mologies with ρcdm0 = 5.94, ρr0 = 0.06 and H0 = 0 in
the context either of GR or of NMC gravity models with
α = 0.95 and β = 0.01. In the case of GR (α = 1,
β = 0), these conditions are sufficient to determine the
full evolution of the universe. In the context of NMC
gravity, Eq. (35) acts as an additional constraint, and
with a0 = 1 and H0 = 0 becomes
ρr0 + α
[
Rβ0 + β(6−R0)Rβ−10
]
ρcdm0 = 6 , (36)
and therefore sets H˙0 at the initial time, leaving only one
additional initial condition, H¨0 .
FIG. 2: Same as in Fig. 1 but for the evolution of the Hubble
parameter H. Notice the two zeros of H, as well as its sharp
variation at specific values of the physical time t in the context
of NMC gravity.
Fig. 1 displays the evolution of the scale factor a as a
function of the physical time t in the context of two dis-
tinct cosmological models computed assuming either GR
(blue dashed line) or NMC gravity (orange solid line).
In the context of GR one may observe the exact sym-
metry between the expanding and contracting phases of
the universe, which is verified independently of the ini-
tial conditions. The orange solid line shows the evolution
of a with t in the context of a NMC gravity model with
H¨0 = 0.5. Fig. 1 shows that, in this case, the symme-
try between the expanding and contracting phases of the
universe is no longer preserved. It also reveals the pres-
ence of oscillations on the evolution of the scale factor
of variable amplitude and frequency, as well as multiple
(two, for this particular parameter choice) local maxima
of the scale factor. These features are common in the con-
text of NMC gravity, and are associated to the increased
complexity of the higher order nonlinear equations which
rule the evolution of the universe in that context. More-
over, many NMC models (such as the present one for the
chosen parameters) are subject to the Dolgov-Kawasaki
instability [23, 24]. However, that oscillatory behavior in
the cosmological evolution of the universe has also been
previously discussed for f(R) models [25, 26], even when
they satisfy the former and other stability criteria. A
detailed analysis of such oscillations is not the main pur-
pose of this paper, as they do not affect the main result
of this paper — that the second law of thermodynamics
does not generally hold in the context of NMC gravity.
Fig. 2 displays the evolution of the Hubble parameter H
as a function of the physical time t for the same models
shown in Fig. 1. Notice the two zeros of H, as well as its
sharp variations at specific values of the physical time t
in the case of NMC gravity.
Although an asymmetry between the expanding and
contracting phases is generic in the context of NMC grav-
5FIG. 3: Evolution of the scale factor a as a function of the
physical time t in the context of GR (blue dashed line) and
of a NMC gravity model with α = 0.95 and β = 0.01 (orange
solid line), having ρcdm0 = 5.94, ρr0 = 0.06 and H0 = 0 as
initial conditions. An extra initial condition is required in the
context of NMC gravity which we take to be H¨0 = 0 in order
to guarantee a symmetric evolution of the universe.
FIG. 4: Same as in Fig. 3 but for the evolution of the Hubble
parameter H.
ity, one can use the freedom in the choice of initials con-
ditions to impose a symmetric expansion and contraction
by choosing H¨0 = 0.
The results for the symmetric case can be found in
Figs. 3 through 6, which show, respectively, the evolu-
tion of the scale factor a, the Hubble parameter H, the
Ricci scalar R and the entropy S as a function of the
the physical time t. The results presented in Figs. 3 and
4 for the evolution of a and H with the physical time,
display an exact symmetry between the expanding and
contracting phases of the universe, both in the case of GR
and NMC gravity. Also note that in this case there is a
single maximum of a (zero of H). Otherwise, the results
FIG. 5: Same as in Fig. 3 but for the evolution of the Ricci
scalar R.
FIG. 6: Same as in Fig. 3 but for the evolution of the comoving
entropy S, normalized so that S = 1 at t = 0.
are similar to those shown in Figs. 1 and 2 for an asym-
metric evolution of the universe. Figs. 5 and 6 display
the evolution of the Ricci scalar R and of the comoving
entropy S again for the symmetric case. Apart from the
oscillations of variable amplitude and frequency, Fig. 5
shows that, on average, R decreases during the expand-
ing phase and increases during the contracting phase,
while Fig. 6 that the comoving entropy has the opposite
behavior. This illustrates the coupling between the evo-
lution of the comoving entropy and the dynamics of the
universe, which generally exists in cosmological models
with a NMC between gravity and the matter fields, link-
ing the thermodynamic arrow of time to the cosmological
evolution of the universe.
6V. CONCLUSIONS
In this paper we have shown that the second law of
thermodynamics does not generally hold in the presence
of a NMC between matter and geometry. We have shown
that in a homogeneous and isotropic universe the sign of
the entropy variation in NMC gravity is coupled to the
evolution of the Ricci scalar and, therefore, to the dy-
namics of the universe as whole. Although the evolution
of the entropy was computed explicitly only for the case
of a universe filled with cold dark matter and radiation,
our results are quite generic at least in the absence of
significant perturbations of the matter fields.
The preservation of the second law of thermodynam-
ics would require its generalization in order to take
into account a gravitational entropy contribution. Even
though some work has been done in this context for
GR [20–22, 27], it remains a subject of much discussion
and debate, and no clear candidate for a gravitational
energy-momentum tensor and gravitational entropy has
emerged. However, the need for such a generalized de-
scription appears to be much greater in modified gravity
models that inherently violate the second law of thermo-
dynamics in its standard form.
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